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p ∨ q ⇐⇒ q ∨ p (?)

p ∧ q ⇐⇒ q ∧ p (?)

(p ∨ q) ∨ r ⇐⇒ p ∨ (q ∨ r) (?)

(p ∧ q) ∧ r ⇐⇒ p ∧ (q ∧ r) (?)

p ∨ (q ∧ r) ⇐⇒ (p ∨ q) ∧ (p ∨ r)

p ∧ (q ∨ r) ⇐⇒ (p ∧ q) ∨ (p ∧ r)

p ∧ p ⇐⇒ p (?)

p ∨ p ⇐⇒ p (?)

∼ (∼ p) ⇐⇒ p (?)

(r → q) ⇐⇒ (∼ p) ∨ q

∼ (p ∨ q) ⇐⇒ (∼ p) ∧ (∼ q)

∼ (p ∧ q) ⇐⇒ (∼ p) ∨ (∼ q)

EGFH:IFHJK:�8$8>@ ACBML

p ∧ q ⇒ p p ⇒ p ∨ q (?)

p ∧ q ⇒ q q ⇒ p ∨ q (?)

∼ p ⇒ p → q q ⇒ p → q

(∼ p) ∧ (p ∨ q) ⇒ q

p ∧ (p → q) ⇒ q

(∼ q) ∧ (p → q) ⇒ (∼ q)

(p → q) ∧ (q → r) ⇒ p → r

(p ∨ q) ∧ (p → r) ∧ (q → r) ⇒ r

∼ (p → q) ⇒ ∼ q

∼ (p → q) ⇒ p

(r ↔ q) ∧ (q ↔ p) ⇒ r ↔ p

NPORQTS2UWV,ORX�Y$Z\[�Q][�^9_7S`_ba�Qdc�efQMa�a�V gihPjCh]g

(∃x) (p(x) ∨ q(x)) ⇐⇒ (∃x) p(x) ∨ (∃x) q(x)

(∀x) (p(x) ∧ q(x)) ⇐⇒ (∀x) p(x) ∧ (∀x) q(x)

∼ [(∃x) p(x)] ⇐⇒ (∀x) (∼ p(x))

∼ [(∀x) p(x)] ⇐⇒ (∃x) (∼ p(x))

(∀x) p(x) ∨ (∀x) q(x) ⇐⇒ (∀x) (p(x) ∨ q(x))

(∃x) (p(x) ∧ q(x)) ⇐⇒ (∃x) p(x) ∧ (∃x) q(x)

(∃x) (o(x) → q(x)) ⇐⇒ (∀x) p(x) → (∃x) q(x)

(∃x) (∃y) r(x, y) ⇐⇒ (∃y) (∃x) r(x, y)

(∀x) (∀y) p(x, y) ⇐⇒ (∀y) (∀x) r(x, y)

k,1�lm1�n(+�op-qnsr&-ut&vw- x
y�z|{�}�~��

•

S ⊆ B ⇐⇒ (∀x) (x ∈ A → x ∈ B)

A ∪ B , {x|x ∈ A ∨ x ∈ B}

A ∩ B , {x|x ∈ A ∧ x ∈ B}

A − B , {x|x ∈ A ∧ x 6∈ B}

A′ , {x|x 6∈ A}

� ~�{�z|�>�b�$}
•

(A ∩ B)
′

= A′ ∪ B′

(A ∪ B)′ = A′ ∩ B′

y�z|�Rz|�W���u��y�z|�Rz|���
•

⋃

M , {x| (∃X) (X ∈ M ∧ x ∈ X)}
⋂

M , {x| (∀x) (x ∈ M → x ∈ X)} M 6= ∅

� �2�G�T��y��Rz|���
•

P (A) = {X |X ⊆ A}

P (A) 6= ∅

P (∅) = {∅}

A = B ⇐⇒ P (A) = P (B)

A ⊂ B ⇐⇒ P (A) ⊂ P (B)

P ()A ∪ P (B) ⊆ P (A ∪ B)

P (A) ∩ P (B) = P (A ∩ B)
⋃

P (A) = A
⋂

P (A) = ∅
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� y��]�T{������2�q���R�
•

(a, b) = {{a} , {a, b}}

((a, b) , s) = (a, b, s)

A × B = {(x, y) |x ∈ A ∧ y ∈ B}

A × (B ∪ C) = (A × B) ∪ (A × C)

A × (B ∩ C) = (A × B) ∩ (A × C)

A × (B − C) = (A × B) − (A × C)

A ⊆ D ⇒ A × C ⊆ A × D

A × B = ∅ ⇐⇒ A = ∅ ∨ B = ∅

k,1q-ql,+���1���1�k,1q-ql�3�� �
5�69:I��8�F  RBDA

¡R¢ −1 £2¤ z|���]�Hz ¢ ◦ £ �2���R{�� •

R−1 , {(x, y)|(y, x) ∈ R}

S ◦ R , {(x, z)| (∃y) ((x, y) ∈ R ∧ (y, z) ∈ S)}
(

R−1
)−1

= R

T ◦ (S ◦ R) = (T ◦ S) ◦ R

(S ◦ R)
−1

= R−1 ◦ S−1

�2�Rz|�W����¥���y�z|�¦�]����{
•

IA , {(x, x) |x ∈ A}

(∀x) (x ∈ A → (x, x) ∈ R)
��y�z|�]���¦§7�G����{

–

(∀x, y) ((x, y) ∈ R → (y, x) ∈ R)
���H�¦{����H�]§

–

(∀x, y) ((x, y) ∈ R ∧ (y, z) ∈ R → (x, z) ∈ R)
�¨y�z|�]���¦���T©b{��

–

(∀x, y) ((x, y) ∈ R ∧ (y, x) ∈ R → x = y)
�`�2�¦{����H�]§7�M��©bª

–

y��¦�W�M���b©b{���z�y��¦{����H�]§�« y��¦�W�¦§7�G����{)�2�]����{�ª��¦�wy¬z|���¦�¬��y��¦�]����{
•

�
R
�¦���

A
��¥wy�z|���]���­y��G���\�

–

[a]R , {x| (x, a) ∈ R ∧ a ∈ A}

¡A/R , {[a]R |a ∈ A} R
z|��z®}Rz|�

A
�u�­�2©b�

–y�z®z|�2�$z,« S2_�[�¯ z|ª S2_d_�e y�z|�]�2�°y¬z|�qz±�R�my�z|���¦�¬��y�z|�G���\�
–¡ �2�Rz|���G���u� ZHc�_ba�²

5�69:I�³;$´<6<µ  RBML
�

G
y��¦��ª�©dz|�¦���G©dz|�(�2�]����{

•

(∀A) (x ∈ A → (∃!y) (x, y) ∈ G)

¡f = (A, B, G)
ª��¦�

G
�¦���

B
�b�

A
�b���H�¦���G©bz|�

•

¡
hD :u→{0,1}

x7→

8

>

<

>

:

1 x ∈ D

0 x /∈ D

�
D
�u�­y��¦©b�]�¦��z|ª°�2�]���¬©dz|�

•

� y�z|©dz±�Ry
•

L ⊆ M ⇐⇒ (∀x) (hL(x) ≤ hM (x))

(∀x) hC∩D(x) = hc(x) · hD(x)

(∀x) hC∪D(x) = hC(x) + hD(x) − hC(x) · hD(x)

(∀x) hC(x) = 1− hCc(x)

A1 = A2 ∧ ⇐⇒ [f1 = (A1, B1, G1)] = [f2 = (A2, B2, G2)] •¡ B1 = B2 ∧ G1 = G2

¡BA , {Gf |f : A → B}
��y�z|�¦���G©dz|�(y��Rz|�W�

•

¡ f(C) = {y| (∃x) (y = f(x) ∧ x ∈ C)}
�

f
�¦���

C
�u�­�2©dz|�Hy

•

� �2©dz|�$y���y�z|©dz±�Ry
–

f(∅) = ∅

f ({a}) = {f(a)}

C ⊆ D ⇒ f(C) ⊆ f(D)

f (C ∪ D) = f(C) ∪ f(D)

f (C ∩ D) ⊆ f(C) ∩ f(D)

f(C) − f(D) ⊆ f(C − D)

¡f−1(E) = {x|f(x) ∈ E}
�

f
�¦���

E
���¶{�z|�¬�

•

� {�z|�G�H��y�z|©dz±�Ry
–

f−1(∅) = ∅

E ⊆ F ⇒ f−1(E) ⊆ f−1(F )

f−1 (E ∪ F ) = f−1(E) ∪ f−1(F )

f−1 (E ∩ F ) = f−1(E) ∩ f−1(F )

f−1 (E − F ) = f−1(E) − f−1(F )

f̂ ,
ˆ̂
f
« {��T}�~�©¬«

f
� y�©b�2�

•

f̂ : P (A) → P (B)

X 7→ f(X)

ˆˆ P (B)f → P (A)

X 7→ f−1(X)

g : B → C
«
f : A → B

�¬�2�R�R{��
•

g ◦ f = (A, C, Gg◦f = Gg ◦ Gf )

¥�·¦�¨��¸)y��¦�W�M���)¹ �b©b�¦ª��2�]���¬©dz|�
•

⇐⇒ (∀u, v ∈ A) (u 6= v → f(u) 6= f(v))

⇐⇒ (∀u, v ∈ A) (f(u) = f(v) → u = v)
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f : A → B
�dz�« y��¦�W�M���)¹ �b©b�¦ª�ª��¦�­y�z|�]���M���)¹ �T©b�]ª­y��R�R{��

–¡ (∃g : B → A) (g ◦ f = 1A) º ª��¬{�z º ª�y��¦�W�M���)¹ �b©b�¦ª
�q¥»¸)y��¦�W�M���)¹ �b{�z|§��2�]���¬©dz|�

•

⇐⇒ (∀y ∈ B) (∃x ∈ A) (f(x) = y)

⇐⇒ Im f = B

º ~¼z « y��¦�W�M���)¹ �b{�z|§ ª>�]� y�z|�¦�W�M���)¹ �b{�z|§ y��R�R{��
–¡ (∃h : B → A) (f ◦ h = 1B)

y��¦�W�M���)¹ �b©b�¦ª �2�]���¬©dz|� ª½z|� �`�R�]����¸Dy��]���M���)¹ �T�]� �2�]���¬©dz|�
•y��]���M���)¹ �T{�z|§�z

⇐⇒ (∃h : B → A) (f ◦ h) = 1B ∧ (∃B → A) (g ◦ f) = 1B

¡ y��¦�W�M���)¹ �b�¦�mª��2�2y¬z|�¦���¦���³¹ �b�¦�my����R{��¾« � �wz|�H� ¡ g = h
« �2�>�����H�

� y�z|�]���M���)¹ �T�]�
f, g

{�z|�W¥
–

f ◦ f−1 = 1B

f−1 ◦ f = 1B

(g ◦ f)
−1

= f−1 ◦ g−1

« y��¦���¦���³¹ �b�¦� � y�z|�]���¬©dz|�¿��z|�u�7�À�Áz|{��¦���Ây�© � y��¦©¾�2�]���¬©dz|�¿�u�
•¡ y��¦�W�M���)¹ �b©b�¦ª½z\y��]���M���)¹ �T{�z|§

� {��]}�~�© ¡ (Mi)i∈I

�
M
�2�Rz|�W�7¸9�2�\���7�

•

⋃

i∈I

Ai , {x| (∃i) (i ∈ I ∧ x ∈ Ai)}

⋂

i∈I

Ai , {x| (∀i) (i ∈ I → x ∈ Ai)}

∏

i∈I

Ai , {f : f : I → A ∧ (f(i) ∈ Ai, ∀i ∈ I)}

¡B �b� A
�d��y�z|�¦���G©dz|�����u�Ãy��Rz|�W��ª>�]�

BA �H�Rz|���G� •

� y�z|©dz±�Ry
–

(

⋃

i∈I

Ai

)′

=
⋂

i∈I

A′
i

(

⋂

i∈I

Ai

)′

=
⋃

i∈I

A′
i

r�-q����t�Ä,*Åk,Æ��³ÇÈÄÉk(-0-u��n Ê
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N Ð BDA
A+ , A ∪ {A}

�
A
�u�����Áz|¥��

•

¡A ⊂ A+ «
A ∈ A+ « º �¦�¦�Gy�� –

¡∅ = 0
�2©T�R©

•

y��¦�W�M���Áz®}�©b�¦ª��2�Rz|�W�
S •

⇐⇒ (∅ ∈ S) ∧ (∀X)
(

X ∈ S → X+ ∈ S
)

¡ �¦�W�M���Áz®}�©b�¦ª�ª½z|��y�z|�¦�W�M���Áz®}�©b�¦ª�y�z|�Rz|�W���u� ¤ z|y��]� •

�u� ¤ z|y��¦�Ñz|ª £ {�y�z|�¦�Ò�2©T���G��y��¦�W�M���Áz®}�©b�¦ª����2�Rz|�W�¬�¶ª�z|� N •¢ y�z|�¦�W�M���Áz®}�©b�¦ª���y�z|�Rz|���G���u�
� y�z|�qz|¥��

•

+ : N × N → N

(m, n) 7→ m + n =

{

m + 0 = m n = 0

m + n+ = (m + n)
+

n ⇒ n+

· : N × N → N

(m, n) 7→ m · n =

{

m · 0 = 0 n = 0

m · n+ = m · n + m n ⇒ n+

Ë�:iÓ�8>=¾EÀÏ
Z Ð BML

�
S
�H�¦����{���y�ª

A
�q¥ º �]{��]}�~�� ¡A , N × N

(a, b)S (c, d) ⇐⇒ a +N d = b +N c

¡Z = A/S
y�ª°{��]}�~¼© ¡ y�z|���]����y��¦�]����{(ª��]� S ¡

0Z , [(1N, 1N)]

−3Z , [(0N, 3N)]

3Z , [(3N, 3N)]

� � z±�R�¦�¶y��]�¦���G©bz|�
f : N → Z

nN 7→ [(nN, 0N)] = nZ

+Z : Z × Z → Z

([(a, b)] , [(c, d)]) 7→ [(a + c, b + d)]

·Z : Z × Z → Z

([(a, b)] , [(c, d)]) 7→ [(ac + bd, ad + bc)]

Ë½:¼8�ÔÁ´<69:D�ÁF�EfÏ
Q Ð B] 

¡Z∗ = Z − {0}
{��7ª$��«

B , Z × Z∗

�
T
�2�¦���q{���y�ª

B
��¥ º �¦{��]}R~��

(a, b) T (c, d) ⇐⇒ a · d = b · c

¡Q = B/T
�dz ¡ y�z|���¦�¬��y��¦����{,ª��¦� T

1

2Q
= [(1Z, 2Z)]

0Q = [(0Z, 1Z)]

−
1

2Q
= [(−1Z, 2Z)]

3



� � z±�R�¦�Á��y��]���¬©dz|��z
g : Z → Q

uZ 7→ [(uZ, 0)] = uQ

+QQ × Q → Q

([(a, b)] , [(c, d)]) 7→ [(ad + bc, bd)]

·QQ × Q → Q

([(a, b)] , [(c, d)]) 7→ [(ac.bd)]

B
Couchy

576ÕF$Ö½×�5�69ÌÁ�¬ÓÁÔ7ÍÂB]Ë½:¼:I=ØÓ¬Ó�EÀÏ
R Ð B Ð

D ,
{

(an)n∈N | (
�¦�7z|��y�{�}R§

an) ∧ an ∈ Q
}

�
V
�2�]����{���y�ª

D
¥�� º �¦{��T}�~��

(an)n∈N V (bn)n∈N ⇐⇒ lim
n→∞

(an − bn) = 0Q

¡R = D/V
�dz ¡ y�z|���¦�¬�¶y��¦����{,ª>�]� V

eR ,

[

(

1 +
1

n

)

n∈N−0

]

� � z±�R�M�¶y��¦���G©bz|�
h : Q → R

uQ 7→
[

(an = uQ)n∈N

]

= µR

+R : R × R → R

([(an)] , [(bn)]) 7→ [(an + bn)]

·R : R × R → R

([(an)] , [(bn)]) 7→ [(an · bn)]

k,1�lm1�n(+Ùop-qnÅ*�ÚÃ-C3.Ûf1�k,1�3.-�+.Û k,1���1�Æ�k Ü

¡ � �2©b�¦�Ýy��¦�W�M���)¹ �b�]�°�2�]���¬©dz|�°y��H�¦�]� º ªÞy�z|�qz|�¬� � �­y�z|�]���¬©dz|�
•¡ y�z|�q�¦�¬�­y��]����{(ª��]�¾y¬z|���¦�¬�7�

y��¦�W�M���)¹ �b©b�¦ªß�2�¦���G©dz|��y��$�¦�]� º ª ¢ A � B £ B �T}��2��¥my½���u�7©
A •¡ �¦�G���ß{�}R§¶§7�\�½z|�2� ¡B �b� A
�b�

A ∪ B ∼ B ∪ A

(A ∪ B) ∪ C ∼ A ∪ (B ∪ A)

A × B ∼ B × A

(A × B) × C ∼ A × (B × C)

A × (B ∪ C) ∼ (A × B) ∪ (A × C)
(

AB
)C

∼ AB×C

AB∪C ∼ AB × AC

(A × B)C = AC × BC

P (A) ∼ {0, 1}A

A ∼ B ⇒ P (A) ∼ P (B)

(A ∼ C) ∧ (B ∼ D) ⇒ AB ∼ CD

(A ∼ C) ∧ (B ∼ D) ∧ (A ∩ B = C ∩ D = ∅)

⇒ (A ∪ B) ∼ (C ∪ D)

(A ∼ C) ∧ (B ∼ D) ⇒ (A × B) ∼ (C × D)

A � C ⇒ (A ∪ B) � (C ∪ B)

A � C ⇒ (A × B) � (C × B)

A � C ⇒ AB � CB

A � C ⇒ BA � BC

A � C ⇒ P (A) � P (C)

A � P (A)

¡A � N º ª��G{�z º ª��2�]©b�¾y�� A
�2�Rz|�W�

•

¡A ∼ R º ª��¬{�z º ª°à���{���y��H�Rz|¥,y���¥�� A
�2�Rz|�W�

•

¡P (N) ∼ R ¡N ≺ R •

5�69:¼µ�6<×�ÏIá¼:DÔÁ6m5�69:¼µ�6<×­5�6Õ�G6ÕÍ³; â�BDA
(∀E) ((E ( B) → (E 6∼ B)) ⇐⇒

« y��¦��z|§­�2�Rz|���
B •

(∃C) (C ⊆ A ∧ C ∼ N) ⇐⇒
y��¦��z|§7©b�¦ª��2�Rz|���

A •

A ∼ A ∪ {S} , s /∈ A
�¬y��]��z|§7©T�]ª

A –

¢ k �b��{����]ª>��}�¥ º �¦�]¥��������u� £ ∃k : B ∼ Nk
�¬y��]��z|§

B –

Ë�:�8>´<:iÖ�F�; â�BML
•

ℵ0 + 1 = ℵ0

α + β = β + α

card (A∪̇B) , α + β

card (A × B) , αβ

card BA , βα

α ≤ β ⇒ (∃γ) (α + γ = β)

α + α = 2α

α · α = α2

card P (A) = 2α

���]��z|§¶��¥(��©b�]}�{���{�z|��¥
•

α = 2α = α2

1 ≤ β ≤ α ⇒ α · β = α

α ≤ β ⇒ α + β = α

2 ≤ β ≤ α ⇒ βα = 2α

δ ≤ µ ⇒ δα ≤ µα

cc = 2c = F

4



� �qz±�(�u��zH«
c
ª½z|�

R
�b�

R
�b�ßy�z|���¦��{��Øy�z|�]���¬©dz|�������w�u����©b�]}�{��G�

•¡F �
•

∑

n∈N

αn , card
⋃

n∈N

An = ℵ0

∏

n∈N

αn , card ×n∈N An = c

�)ã�t ä

(∀x ∈ A) (a ≤ x)
�
A
�b�K{�y�z|�]� � ���G�ß��©T�$��ª��

a •

(∀x ∈ a) (b ≥ x)
�

A
�d�»{�y�z|�]�K�qz®}�~��

b •

(∀x ∈ A) (x ≤ c → x = c)
�

A
�b�Ã�¦���$�¦©b�¦�

c •

(∀x ∈ A) (x ≥ d → x = c)
�¬�¦���$�¦§7�G�

d •

¡ (s ∈ A) (∀x ∈ B) (s ≤ x) A
�b�

B
�u�­¥�{���� º §7� s •

¡ (t ∈ A) (∀x ∈ B) (s ≤ x) A
�b�

B
�u�­���¦¥���� º §7� t •

¡ º z|�H�]��©b�]ª��2{��¬©�¥�{���� º �¦�$§7�¨���qz®}R~ •

¡ º z|�H�]{���z|§­ª�{��G©����]¥��q� º �]�H§7�\� � ��� •

¡ �2���\��{�}�§Â�¬y�z|�Rz|��� � �]� •

¡ supP (A) M =
⋃

M
«
infP (A) M =

⋂

M
«
M ⊆ P (A) –

¡ �2�Rz|�W�¬� º �¦{����]ªÝå��u�»y¬z®z±�Á�H� � y��¦© º ª��q�¦�u�Ã�2{�z®}�§��2�Rz|��� •

« {�y�z|�]� � ����{��W�¦ªÞ�æ�
A
�����H�¬�]{�ª��°�H�Rz|���"y�y"�u�R� º ª •¡ �����¦�¾�2{�z®}�§¶�H�Rz|���G�

�b��ªçåm�u�"�H�Rz|���è�u�R�u� ¤ �Òy��¦�G�����2{�z®}�§��2�Rz|���éª��¦�¶~��¦{��
•¡ º z|�H�]{���z|§�z º z|�$�¦��©b�¦ª��H���7��« º �M��©b�

(∀x1, x2 ∈ A) (x1 ≤A x2 ↔ f(x1) ≤ f(x2))
��{�}�§Ñy�{��>z±�

f •

¡ {�}�§ º �b�¦��{�z|�$z|�b�¦ª°ª>�]��{�}R§¶y�{��>z±�¶y��]���M���)¹ �T�]�(�2�]���¬©dz|� •

¡A ' B
« {�}�§ º �¦�b�]��{�z|�>z|�T�]ª�y�z|©b��� � y��]© B

�b�
A
� �¦� º ª •

5�6<ÓG6<Ö�57:<;28½êè5�6ÕF$6<Ö½×�5�6Õ�G6ÕÍ³;�8>ÌfË½:�Î³µ�=ØÓ ë�BDA
ì g¬íHî�e³U ïCh]gih]g

(D,≤1)
« y¬z|�$z®}ßy��¦�G����y�z|{�z|~�§fy�z|�Rz|�W�

(B,≤2)
�dz

(A,≤1)
�2©b�¦�]�2yy��¦���G©dz|�

f
«
(A,≤1)

�u� ¢ �2{���z|��{�}R§ £ y��¦�G���Ý�2{�z®}�§"�H�Rz|���¿y�y� �bª f :A→B
x7→f(x) ¢ {�}R§ º �b�¦{���z|�$z|�b�¦ª £ � z|�]�$}

⇐⇒ (A,≤1)
�b�K{�y�z|�]� � ���G�ß��©T�$��ª���z|©T�]�

a ∈ A ¡ ð¡ (B,≤2)
�b�Ã{�y�z|�¦� � ���G�Ø��©b�$��ª���z|©b�]�

f(a)

⇐⇒
«
(A,≤1)

�b�Ã{�y�z|�¦�K��z®}�~��¾��©b�H��ª½z|©b�¦�
c ∈ A ¡ å¡ (B,≤2)

�b�Ã{�y�z|�]�K�qz®}�~��¾��©b�H��ª���z|©b�¦�
f(c)

⇐⇒ (A,≤1)
�b�Ã�]���H�]§7�¬�ß��©b�H��ªÒz|©T�]�

α ∈ A ¡ ñ¡ (B,≤2)
�d�K�¦���$�¦©b�¦�ß��©b�H��ªÒz|©T�]�

f(α)

⇐⇒ (A,≤1)
�b�Ã�u�¶�]���H�q©T�]�¾��©T�$��ª�z|©b�]�

` ∈ A ¡ ò¡ (B,≤2)
�b�Ã�¦���$©T�]�¾��©T�$��ª�z|©b�]�

f(`)

⇐⇒ (D,≤1)
�u��¥�{��q� º §7��z|©b�]� s ∈ A ¡ ó¡ (f(D),≤2)
�u�­¥�{���� º §7�ßz|©b�]� f(s)

⇐⇒ (D,≤1)
�u�����]¥���� º §7��z|©b�¦� t ∈ A ¡ ô¡ (f(D),≤2)
�u�­���¦¥���� º §7�ßz|©b�¦� f(t)

⇐⇒ (D,≤1)
�u� º �¦�H�]{���z|§­z|©b�¦� u ∈ A ¡ õ¡ (f(D),≤2)
��� º z|�H�¦{���z|§�z|©T�]� f(u)

⇐⇒ (D,≤1)
��� º z|�H�¦��©b�¦ª�z|©T�]� v ∈ A ¡ ö¡ (f(D),≤2)
��� º z|�H�¦��©bª°z|�]� f(v)

j�íHî�e³U ïCh]gihPj
� �]�Tª ¡ y�z|�$z®}Ky��¦�G���Øy�z|{�z®}�§�y�z|�Rz|�W� (B,≤2)

�dz
(A,≤1)

�2©b�¦�]�2y

⇐⇒
���¦�u�Ã�2{�z®}�§­�2�Rz|���

(A,≤1) ¡ ð¡ ���¦���»�2{�z®}�§��2�Rz|�W� (B,≤2)

⇐⇒
�R���¦�¾�2{�z®}�§­�2�Rz|���

(A,≤1) ¡ å¡ �R���]�ß�2{�z®}�§��2�Rz|�W� (B,≤2)

r&-C3.��-uã��)1�÷øoC-qnùk,1�3�1qÇÈ� ú
5�6ÕF$Ö�J�E û�BDA

IA(a) = {x|x ∈ A ∧ x < a}
�
a
�¦���

A
���¶ª>�7�¦{

•

¡A �u�­y¬z±�Á�]{��¾y��Rz|���¶�
I(A) •

A ' IB(β) ∨ B ' IA(α) ∨ A ' B º �¦�]�¬y�� A, B
�u�R�

•

¡ �����¦�¾{�z®}��¦§7�my�©by��]©��2�Rz|���Ñ�u� •

•

α + β , ord (A ⊕ B)

A ⊕ B , (A∪̇B,≤⊕)

x ≤⊕ y ⇐⇒











x ≤A y x, y ∈ A

x ≤B y x, y ∈ B

true x ∈ A, y ∈ B

α + β ,











α β = 0

(α + γ)
+

β = γ+

sup {α + ξ|ξ < λ} β = λ(
�]�qz|��~

)

α · β , ord (A ⊗ B)

A ⊗ B , (A × B,≤⊗)

(x, y) ≤⊗ (u, v) ⇐⇒ (y < v) ∧ ((y < v) ∨ ((y = v) ∧ (x < u)))

α · β ,











0 β = 0

αγ + α β = γ+

sup {αξ|ξ < λ} β = λ(
�¦�qz|�W~

)

αβ , ord
(

AB ,≤a

)

AB =
{

f ∈ AB | sup f is finit
}

f <a g ⇐⇒ f(m) < g(m) ∧ m = max {x|f(x) 6= g(x)}

αβ ,











1 β = 0

αγ · α β = γ+

sup
{

αξ|ξ < λ
}

β = λ(
�]�qz|��~

)

5



∑

ξ<β

αξ ,















0 β = 0
∑

ξ<γ αξ + αγ β = γ+

sup
{

∑

ξ<δ aξ|δ < λ
}

β = λ(
�¦�qz|�W~

)

∏

ξ<β

αξ =















1 β = 0
(

∏

ξ<γ αξ

)

αγ β = γ+

sup
{

∏

ξ<δ αξ |δ < λ
}

β = λ(
�¦�qz|�W~

)

576Õ´<6<@�5 û�BML

(α + β) + γ = α + (β + γ)

α + 0 = 0 + α = α

γ + α = γ + β ⇒ α = β

α < β ⇐⇒ γ + α < γ + β

α ≤ β ⇐⇒ α + γ ≤ β + γ

(α · β) · γ = α · (β · γ)

α · 1 = 1 · α = α

γ · α = γ · β ∧ γ > 0 ⇒ α = β

α < β ∧ γ > 0 ⇐⇒ γα < γβ

α ≤ β ⇐⇒ αγ ≤ βγ

α (β + γ) = αβ + αγ

(

αβ
)γ

= αβ·γ

αβ · αγ = αβ+γ

αβ = αγ ∧ α > 1 ⇒ β = γ

α < β ∧ α > 1 ⇐⇒ αβ < αγ

α ≤ β ⇐⇒ αγ ≤ βγ

�T��}�¥ ¡ ronen@tx.technion.ac.il
�b�ü�`z|�u�7�(ª�©7�.¹ z±��z º �¦©dz|�G�¦yÑ« y�z|{�¥��¡ tx.technion.ac.il/˜ronen

�b�,ª½z|���H�ü�2�]�2� � y��¦©�« z|�¦�H�]z$�H}��¦�$�Ø« º �¦©dz

ô


